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Recently, it has been brought to our attention that there is a gap
in a proof in Dietrich and Eick (2005) [1].1 We use this addendum
to identify and close this gap.
© 2012 Elsevier Inc. All rights reserved.
We ﬁrst recall Theorem 11 of [1].
Theorem 1. (See Theorem 11 in [1].) Let F be a Frattini-free group of cube-free order and write F = A × L,
where A is non-abelian simple or trivial and L is solvable. Let {p1, . . . , ps} be a set of pairwise distinct primes
such that pi | |F | and p2i  |F | for 1 i  s. Let M ∼= Cp1 × · · · × Cps .
(a) There exists a Frattini extension of F by M if and only if pi | |L| for 1  i  s. In this case there exists
exactly one Frattini extension of F by M up to isomorphism.
(b) If G is a Frattini extension of F by M, then G = A × H where H is a Frattini extension of L by M.
The proof of Theorem 11 in [1] starts with the deﬁnition of a certain type of subdirect product.
We ﬁrst expand this deﬁnition and discuss it for clarity. Let G1, . . . ,Gt be extensions of a group F
by modules N1, . . . ,Nt , respectively. Then each collection of epimorphisms ϕi : Gi → F for 1  i  t
allows to deﬁne a group
G(ϕ1, . . . ,ϕt) =
{
(g1, . . . , gt) ∈ G1 × · · · × Gt
∣∣ ϕ1(g1) = · · · = ϕt(gt)
}
.
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248 H. Dietrich, B. Eick / Journal of Algebra 367 (2012) 247–248As each Gi is an extension of F by Ni for 1  i  t , there exist epimorphisms i : Gi → F corre-
sponding to these extension structures (compare with [2, Section 11.1]). We deﬁne
G1  · · ·  Gt = G(1, . . . , t).
In general, the isomorphism type of G1  · · ·  Gt depends on the epimorphisms i and hence
on the considered extension structure. More precisely, if δi : Gi → F is another collection of epimor-
phisms, then G(1, . . . , t) G(δ1, . . . , δt) is possible. We consider this feature in a special case in the
following lemma. This lemma is missing in [1].
Lemma 2. Let F be a cube-free Frattini-free group and pi | |F | and p2i  |F | for pairwise distinct primes
p1, . . . , ps. Let Mi ∼= Cpi and let Gi be a Frattini extension of F by Mi for 1  i  s. Then G1  · · ·  Gs ∼=
G(δ1, . . . , δs) for every collection of epimorphisms δi : Gi → F .
Proof. We proved in [1, Theorem 12b)] that G = G1  · · ·  Gs is a Frattini extension of F by M =
M1 × · · · × Ms . We now show that there is only one isomorphism type of Frattini extension of F
by M . First, [1, Theorem 14] asserts that H2(F ,Mi) ∼= Cpi for every i. Thus
H2(F ,M) ∼=
s∏
i=1
H2(F ,Mi) ∼=
s∏
i=1
Cpi .
As in the proof of [1, Theorem 14], the group of compatible pairs Comp(F ,M) contains the normal
subgroup A = {(1, β) | β ∈ Aut(M)}. The group of compatible pairs acts on H2(F ,M) and thus on each
direct factor H2(F ,Mi), as the primes p1, . . . , ps are pairwise different. In particular, the action of A
induces two orbits on each H2(F ,Mi) with representatives {1, xi} for some xi = 1, say. This implies
that A has 2s orbits in H2(F ,M). Let α = (a1, . . . ,as) be one of these orbit representatives. If ai = 1
for some i, then the extension of F by M via α splits over Mi and is not a Frattini extension, cf.
[1, Theorem 3]. Hence only α = (x1, . . . , xs) deﬁnes a Frattini extension of F by M . As two elements
in H2(F ,M) in the same Comp(F ,M)-orbit yield isomorphic extensions, it follows that there is at
most one Frattini extension of F by M up to isomorphism, and this must be G . 
Now [1, Theorem 11] follows directly from Lemma 2 and [1, Theorems 12–15]. For completeness,
we include an explicit outline of the proof here.
Proof of Theorem 11. As in [1] deﬁne Mi and M(i) as the unique subgroups of M ∼= Cp1 × · · · × Cps
with Mi ∼= Cpi and M(i) ∼=
∏
j =i C p j .
(a) “⇒” Suppose there exists a Frattini extension G , say, of F by M . We show that this implies that
pi | |L| for 1  i  s. By construction, the group G is cube-free. Thus [1, Theorem 12a)] shows that
G/M(i) is a minimal Frattini extension of F by Mi for 1 i  s. It follows from [1, Theorem 13] that
G/M(i) = A × Hi where Hi is a Frattini extension of L by Mi for 1 i  s. This implies that pi | |L|
for 1 i  s.
(a) “⇐” Suppose that pi | |L| for 1  i  s. We show that there exists a Frattini extension of F
by M in this case and that this is unique up to isomorphism. Let i ∈ {1, . . . , s}. As L is solvable,
[1, Theorem 15] asserts that there exists a unique L-module structure on Mi with Mi ∼=N P , where
P ∈ Sylpi (L) and N = NL(P ). Now [1, Theorem 14] yields that there exists a Frattini extension Hi of L
by Mi and this is unique up to isomorphism. By [1, Theorem 12b)], the group H = H1  · · ·  Hs is a
Frattini extension of L by M and by Lemma 2 this is unique up to isomorphism. Thus G = A × H is a
Frattini extension of F by M and this is unique up to isomorphism by [1, Theorem 13].
(b) This follows from [1, Theorem 13] and [1, Theorem 12]. 
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